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ABSTRACT 


Existing realization procedures for a fundamental loop 
or cut set matrix are reviewed, compared, and classified 
broadly on the basis of their underlying approach. A new 
combinatorial synthesis technique is presented utilizing 
the concepts of trunk branches, main branches, limbs, and 
unique connections which are introduced. This procedure is 
direct, easy to apply and learn, general, and yields an ex- 
pression for the number of physically different or alternate 
realizations which are possible. A general computer pro- 
gram for realization of the graphs is presented and illus- 


trated with some examples. 
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INTRODUCTION 


In 1847 Kirchhoff presented a systematic way to ana- 
iyze complicated electric networks, He related the topo- 
logical structure, circuit elements, voltages and currents 
in the most general form. His results, except for the 
famous "“Kirchhoff's Voltage Law" and "Kirchhoff's Current 
Law", were almost forgotten. There seemed to be no need 
for further investigations. However, during the fase cee 
years engineers started to investigate properties of net- 
works which previously appeared to be too theoretical and 
thus of no practical value. The reason for this being 
that many modern electric network problems cannot be solved 
by applying conventional analytical methods only. Among 
these problems are: The generation of equivalent networks 
with a minimum number of circuit components, optimum lay- 
out of electric networks for integrated circuits, and the 
design of switching networks and communication nets. 

The first problem that was attacked by several inves- 
tigators was the realization of a given fundamental loop or 
cut set matrix. These matrices play an important role in 
the formulation of Kirchhoff's general voltage and current 
laws and express the topological properties of the circuit. 
Since this theory treats the electric network as a graph 
many contributions were made by mathematicians. Each of 
the existing realization procedures in the literature 
suffers from some of the following limitations: It is 


either too abstract and cumbersome to be of practical value, 


ey 


1t involves too much work and difficult matrix pattern re- 
cognitions on the part of the designer to be of value, or 
it fails in some cases. 

In this thesis, Chapter 2 presents a summary of the 
mathematical representation of electric networks applying 
topological formulations as currently used for computer 
analysis. In Chapter 3 existing procedures for the realiza- 
tion of a fundamental loop or cut set matrix are reviewed, 
compared, and classified broadly according to their under- 
lying ideas which in many cases were determined to be basi- 
cally similar, a fact not always recognized in the litera- 
ture. In Chapter 4 a new combinatorial synthesis is pre- 
sented. This procedure introduces some new topological 
aspects and properties of a graph. Trunk branches, main 
branches, limbs and uniquely connected branches are intro- 
duced. The realization procedure presented is not only 
general and efficient, but also provides insight into @eie 
topological properties of an electric network. As a re- 
sult the algorithms developed are directly applicable to 
computer programming. A detailed general realization pro- 
gram (the first available in the literature to the author's 
knowledge) is presented in Chapter 5, Moreover, this pro- 
cedure is a sufficient condition for the realizability of wa 
loop or cut set matrix. If this procedure yields a graph, 
1.6., 1£ the loop or cut set matrix is realizable, eh@aeas 


tal number of physically different networks corresponding 
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to a given loop or cut set matrix can be computed as pre- 
sented in Chapter 6. This result has not been available 


previously. 


ik 


MATHEMATICAL REPRESENTATION OF ELECTRIC NETWORKS 


Ze IncrOodguctlon 

The use of digital computers in the analysis and 
design of electric networks has not only provided a "super- 
sliderule” for numerical calculations, but has also direct- 
ed the attention of engineers to such mathematical areas as 
linear algebra, topology, and state variable theory. Today 
classical methods such as Ohm's law, Kirchhoff's laws, and 
transform theory stated in terms of matrix theory and topo- 
logy are the essential tools of applied electrical engineer- 
ETC ieee 

In this chapter it will be shown how to obtain a 
graph corresponding to an electric network. The most im- 
portant notions of linear graph theory will then be defined 
and the concepts of fundamental loop and cut sets introdwed. 
Next an algebraic description of a graph will be given in 
terms of the fundamental loop set matrix, B, or fundamemeom 
CU see Matrix, O- 

Kirchhoff introduced many of these ideas in his origin- 
al work on networks in 1847, at a time when little was known 
about eausteaee. payi ae the last fifty years his results 
have been reexamined and generalized by men like Cauer, 


Foster, and Guillemin. 
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2.2 The Electric Network as a Graph 


Given an electric network (Fig. la) made up of lumped 
circuit elements, one can find the associated linear graph” 
(Fig. lb) by the following rules: 

1. Open circuit each ideal current source.** 

2. Short circuit each ideal voltage source. 

3. Replace the passive elements by edges whose end- 

points are called nodes. 

4. For an oriented graph (Fig. lc), redraw the graph 

maintaining the same configuration and include 


the directions of the currents. 


2.3 Description of a Graph in Matrix Form 


2.3.1 The Incident Matrix A 

One way of describing the graph of Fig. 1 is to list 
all edges and nodes and to specify the two nodes between 
which each edge is connected. The element 2 =] if 
edge iis incident to node j. When the graph is direc- 
ted, ae ena depending on the direction associated with 
edge i. By definition, ae = + 1 if the ith element is 
directed away from the jth node. The undirected graph of 


Fig. 1 is listed in the matrix below. 


* Since most terms are intuitively familiar, not all de- 
finitions are stated in the text, but are listed in 


Appendix AT. 


** See Appendix AII for a detailed discussion of the top- 


Ological representation of sources. 
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edges 


nodes 





2.3.2 Trees and Co-trees 

A graph can also be specified by its edges alone. 
Before doing so, some concepts of graph theory have to be 
introduced. 

A graph is connected if there is at least one path 
along the edges between any two nodes. The graph of Fig.2¢ 
is connected, the graphs of Figs. 2a and 2b are not. 

The unconnected subgraphs are called separate parts. Ge 
single node also represents a separate part (Fig. 2b). An 
edge is removed if the line segment between the two nodes 
is deleted, the two nodes, however, remain part of the new 
graph. Removing edges 1 and 8 from Fig. lb yields the 
graph in Fig. 2c. A subgraph of a graph 18 called a Pegs 
diate 

(a) the subgraph is connected, 

(b) exactly two edges of the subgraph are incident 

with each node, 

(c) exactly two nodes of the subgraph are connected 

to each edge. 


Edges (1,5,6) of Fig. 2a form a loop | 


Edges (2,3,6;774,5) Of Big. 2e1do) Moe rtormm. a loop 
16 





Since there are 4 edges incident at node e. 
A set of edges of a connected graph is called a cut 
set (Figs. 3b and 3c) if 

(a) removal of all the edges of the cut set genera- 
tes two separate parts. 

(b) Removal of all but one element of the cut set 
leaves the remaining graph connected. 

We can now iantroduce the concept of a tree. A tree 


of a connected graph is a connected subgraph which con- 
tains all the nodes of the graph, but does not have any 


loops. 

The edges of the graph which are contained in the tree 

are called tree branches or just branches. 

The edges of the graph which are not contained in the tree 
form the co-tree. They are called chords or links. 

The same graph (Fig. 1b) can have different trees (Figs. 
4a-c). The graph in Fig. 4d does not represent a tree. 
Once we have specified a tree (T) for a connected graph of 


n nodes and e edges, then following properties hold: 


(a) There is a unique path along the tree between 
any pair of ncedes. 

(ob) There are b = (n-1) tree branches and l=e-(n-1) 
links, where n is the number of nodes and e the 
number of edges. 

(c) Every link of T and the tree path between its 


nodes form a unique loop (fundamental loop). 
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(d) Every cut of the graph, which besides links cuts 


Only one tree branch, forms a unique cut set of 


the graph (fundamental cut set). 


2.3.3 The Fundamental Loop Set Matrix B and the Fundamental 


Cut Set Matrix Q 


To find B and Q for the graph in Fig. lb we first 
choose a tree; say that of Fig. 4b. The columns of the 
fundamental loop set matrix, B, correspond to the edges of 
the graph, and the rows to the fundamental loops {which are 
determined by the links). 

The reference directions of each fundamental loop 
shall be that of the defining link as indicated in Fig.5 . 


If edge k is not in loop i, bey = 0 If the direction of 


edge k is opposite to the reference direction of loop 1. 


then bay ==] eeroreers Gg. 5a 
ees ee Oe 5 6 79s 
}1 0 0 '- Cision al 
B = 0 1 0 0 -] 1 1/2 £ loops” U-. 
E O° 4 SO “O08 <1) Sine 
io 0 O 1 O-1 1 0] 4 
links branches 
B can always be partitioned as 
a { ‘ 
Be ee ee ee 


Where U, is the 2x # identity matrix and F is a b xu 
matrix. The columns of the fundamental cut set matrix, Q- 
correspond to the edges of the graph (as was the case in 
the B matrix); the rows, however, correspond to the fun- 


damental cut sets (determined by the tree branches). The 
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VY 
Cc 
(b) (c) 
Figure l 


An electric network (a) and the corresponding undirected (b) 
and directed graphs (c). 





(a) (b) (c) 


Figure 2 


Sore ae parts (a,b) of a graph, subgraph (c) which is not 
a loop. 





(a) (b) (c) 
Figure 3 


Cut sets, #1 in (b) and #2 in (c), of a graph (a). 


is 





(c) (da) 
Figure 4 


Trees (a,b,c) of graph in Fig.1, subgraph (d) which is 
not a tree. 





Figure 5 


Fundamental loops (a) and cut sets (b) of a graph. 
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beperence direction of Gach fundamental cut set shall be 
that of the defining tree branch as indicated by the short 
arrOWwse tn Pig Sb. tf edge k ISenot in the cut set 1,4,,=0, 


if the direction of edge k is opposite to the reference 


dimection Of Cue set a, diy = Se aac? od) 
2 A 5 cae 
1 -l Om. 10 O- 104.45 
! 
-1 1 Os Or Aa <6 
QO = , b cut set (1.3) 
One tmmee ele. (OO, ny Ee 7 
O -l -l O | Oi Oy Bins 


links branches 


Q can always be partitioned as 
= ka 
Q=|E , U, | (1.4) 
Following relation holds (see Section 2.4.2. for the proof). 


E=- ee 


2.4 General Network Analysis 


In classical network analysis two methods serve to 
analyze an electric network. For loop analysis the loop 
currents are chosen as variables and Kirchhoff's Voltage 
Law (KVL) is applied to each loop. For nodal analysis the 
node-to-datum voltages are chosen as variables and Kirch- 
hoff's Current Law (KCL) is applied to the n nodes. 

These classical methods shall be generalized anda 
third method, the state variable method, be introduced. 

To simplify the presentation we will assume that the imped- 


ance of each edge is resistive. 
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2.4.1 Loop Analysis 

The response of a network is completely known if the 
voltages across and the currents in all its e edges are 
known. If, however, the impedance of the edges are known, 
then either the set of e edge voltages or e edge currents 
suffices, since these two sets are related by Ohm's Law. 

Once a tree is chosen, fewer than e variables suf- 
fice to characterize the network. It has been shown that 
the removal or opening of all links does not leave any 
loops. Expressed in circuit terminology, setting the 
link currents egual to zero forces all the tree branch 
currents to be zero (KCL). Hence the set of # link cur- 
rent (j) can be represented as a linear combination of the 
link "Gurrents (1)— 

It can be seen by inspection that 


3 = Ba (1.5) 


where the components of the vectors j and i correspond to 
edge and link currents respectively. 

Applying KVL to each loop the following equation is obtain- 
ed 


By = 0 (Lec) 


where the components of v correspond to edge voltages. 
Representing a typical edge as in Fig. 6 and applying Ohm's 


Law equation (1.7) is obtained. 


VS eR ea (1.7) 
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where R is an (e x e) diagonal matrix, ra representing 
the resistance of the ith edge, and igi = 0. Ome s Jie 
Dla lae < and v. are (e x 1) column vectors, whose ith 
Semponenies seprececies eurrent, Current Source, voltage, 


and voltage source, respectively, of the ith edge. 


Combining equations (1.5), (1.6), and (1.7) yields 


BRB’ i = - Bv_ + BRJ 
= —s =S 
or 
“A ee ae 8) 
where 
Ze 4 pret (1.9) 


is called the loop impedance matrix, and is of order 2 


and 


eo, ~ = Bult Bai (asa), 


is called the loop voltage vector (£ x 1). 


2.4.2 Cut Set Analysis 


It has been shown that a tree connects all the nodes. 
tf the tree branch voltages are forced to zero (short cir- 
Cuiting the tree branches), then all nodes coalesce, forc- 
ing all edge voltages to zero. Thus the set of b = (n-1) 
tree branch voltages is the only independent set of edge 
voltages, i.e. each edge voltage (v) can be represented as 
a linear combination of the tree branch voltages(e). 

It can be seen by inspection that 


v = Qte (2.11) 


a8 


where the components of the vectors v and e correspond to 
edge and tree branch voltages respectively. 


Applying KCL to each cut set, 


Qj =O. (1.12) 


Using Ohm's Law for each edge, 


Ji > GN es aan” (das? 


where G is an (e x e) diagonal matrix, Sag representing the 
conductance of the ith edge, Is, = OmrOrei 7 5 jrj, and 


vV,V.. represent the currents, voltages and sources O£@eaenm 


Ss 
edge as in equation (1.6). 


Combining equations (1.11), (1.125 eas) yeni 


aco“e = acv. - Q3 


-—s 
or 
Ye ale ( les} 
where 
ve = OCoe (Lyle 
gq 


is called the cut set admittance matrix and 


abe HO GV a Ge 8). (tarp) 
is called the cut set current source vector. 
Properties of the B and Q matrices which are important for 
the realization procedures described later in this thesis 


follow. 


Theorem 1: 


CBRE 20 (1.18) 
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Proof: From equations (1.5) and (1.10) we have 


By = 0 and v= eae e 
Thus 
Bote =O. 
Setting any eva 1 and all the other components of e 


equal to Zereerequires that each Clement of Bot equals 
Zero, 
Using equations (1.2) and (1.4) the following rela- 


tion holds: 


Theorem 2: 


Proof: opt = 


‘mee 
rm 
Gi 

oO 
| Senet 
irae 
ct 


2 = 
“E] = 0 (1.19) 


B+ Fo = 


lO 


Thus the fundamental loop and cut set matrices can be ob- 


tained from one another by the relation 
! 


Be= lu, F | eli Clk) ee =F 


t u,, | (1.20) 


2.4.3 State Variable Analysis 


The description of electric networks by state variables 
1s included here because its formulation rests heavily on 
the concept of trees, co-trees, and of network graphs. 

The advantages of state-variable analysis are [4]: 

1. It represents a unified approach to networks 

having non-linear and time-varying elements. 

2. It provides insight in the behavior of networks 


in such areas as sensitivity and stability. 
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3. It is better suited for digital computation since 
an nth order differential equation is represented 


by a set of n first order differential equations. 


Definition: [5] The state of a system is the minimum set 
of variables, the state variables, which 
contain sufficient information about the 
past history of the system to permit the 
computation of all future states, given 
that the future inputs and the state 


equations of the system are known. 


This definition does not attach any physical significance 
to a state variable, and it is up to the engineer to make 

a proper choice. One choice of state variables for an 

RLC network consists of capacitance voltages and inductance 
currents (assuming there are no loops consisting of capaci- 
tances only and no cut sets, which are made up completely 
of inductances) [6]: 

This choice seems quite legitimate, since independent 
inductors and capacitors are the only energy storing ele- 
ments. An example shall illustrate how the state equations 
are found. A linear, time-invariant network (Fig. 7a) is 
chosen, which does not contain C-loops, nor L-cut sets. 

The method can be modified to be applicable to these cases 
ar 
Choose a tree (Fig. 7b) that includes all capacitive edges 


and as many resistive edges as necessary. This tree is 
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called a proper tree [6]. The links then will be made up 
of inductive edges and the remaining resistive edges. 


, it is convenient to partition 


Using KVL, Bv = 0 
yt 


' | ' 
= a ee 


Ri Yn Ci-G ang 


W 
, where the subvectors V,, Vie Yee 


Ya correspond to the voltages of resistive and inductive 
links and capacitive and resistive tree branches, respect- 


ively. Thus 


a 4 
Exe —— 0 or lu, F| 


a As ik ae 


For the example given: 


COO FIF 
OOF ON 
OF OO WwW 
oor ons 
COrFRF YW 

—_ 
oN 
FF oO 
Bown 


J 


J 
Qj = 0 or | -F¢ el a = 


J 
=G 4 


Zu 


4s 
a 
h 


+ 7 


i “\ j-g | 
eee Z a. — agen ace ee 
es + UF a 
Figure 6 


Typical branch of an electric network 





Ri Nie 
ST ML, Re 
Ae a 
Ye) Cae SS 
~\ 
ae 
—~4 * o OO ee —— 
LS i 
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a i ae 
ws “ 
ye “RE 
© 
(a) (b) 
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Proper tree for state variable representation 
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For the example given: 


J 
RIL 
Jr = and ji» Jer Ig having the same form as 
R2 e e e 
a Vor Vo SUbSERENEING qeror V. 


To eliminate the unwanted variables (Vee Vie Var Jpr Jor 


Je) we apply Ohm's Law: 


Ye = Rig + Sp de * Gig tdg 


- eave’ 
a ee ee = Je are 


=e a Vv 
ter = 


Where e and i stand for independent sources. 


Ry 0 L, 0 G- 0 Ce O 
R= Ii SS CaS OS 
es R, O Ly O Gg | O Ce 


Combining KVL, KCL and Ohm's Law, we obtain the state vari- 


able equations in normal form 


s 
ac ee aay eae aS 
A +c 
o = +B (es 2a) 
SElo xi | sz B57 fa ey ER 
<= 


— 
where avi and B are expressible in closed form in terms of 
the matrices F, R, L, G, andcC ia 

tie solution of the normal’ torm (122) can be found in 
a number of ways using a digital computer [es]. Any set (y) 
of currents or voltages of the network can then be expressed 


in terms of the state variables (x) and the sources (u) as: 


y = Dx + Eu (P22) 


Zo 


REVIEW OF EXISTING REALIZATION PROCEDURES FOR THE 
FUNDAMENTAL LOOP AND CUT SET MATRIX 


3.1 The Realization Problem 

Tt has been shown that the fundamental loop set matrix 
B and cut set matrix Q are essential in the general analy- 
sis of electric networks. Moreover, switching circuits [15] 
and communication nets [3] can also be described convenient- 
ly by these matrices. A next logical step is to use the 
loop or cut set matrix in a synthesis procedure [15] and [3]. 

It was relatively easy to find the B and Q matrix for 
a given network. To realize a graph corresponding to B or 
Q, however, is not a trivial problem because there may 
exist no graph at all, there may exist exactly one graph, 
or there may exist many graphs having the same B or Q ma- 
trix. An exhaustive search procedure forbids itself. Since 
1958 [16] several systematic synthesis procedures have been 
developed, which can be classified broadly according to 
their underlying ideas. In this chapter the same synthe- 
Sis problem is solved using a method typical of each clas- 
sification, so as to compare the procedures and the wouk 
required. The important theorems used in these procedures 
are illustrated. Their exact proofs can be found in the 


references as noted. 
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5.2 slnemmencabetiree Port Structure Approach 


Using the properties of the admittance matrix Y of 
order n of a linear tree port structure , Biorci [9] and 
Kim [10] find the corresponding graph having (n + 1) nodes 
and n ports. Since Y = ocot (1.16), this procedure can be 
used to realize a fundamental cut set matrix by setting all 
edge conductances egual to one. In Fig. 8, using edges l, 
2, and 3 as tree branches for peres ll, Zaye and 3, the, corre 


sponding fundamental cut set matrix is 





Forming Y = ocot the elements of row 1 of Y are vo + 


ike 
Sie Ao Viewer $13) Shi 13 eS: 
Assuming positive edge conductance, we observe, that 


the value of the elements of Y taper off to the right. 


Thus 
> 
Yi1 ~ ¥12 po Pan 
VOD. Baoan 
Similarly = S 
Yan Yn-1,n ode Yin 
nee eens Yn-l,n 


* Tree branches from a linear path and the terminals of 


each port are identified by the end nodes of a tree 
prance. 


Sul 


These observations can be generalized [3] into the 


following: 


Theorem 3: The admittance matrix Y of a resistive n-pome 
(with a linear tree port structure) in which 
the polarity of the port voltage and ordering 


of each port is aligned in one direction 


(Fig. 8), is a uniformly tapered matrix. 
A matrix 1s uniformly tapered if 


1. Each element is greater than or equal to zero 


“ ; 
Vis 0; “RoOiewone 3, 73, 


2. The magnitudes of the elements of each row of Y 


EAper, ofr 


(a) from the main diagonal to the right hand side 


> 7 es 
VRS > Viciadesragee MEO 38 A 
(b) from the main diagonal to the top, the 


diagonal element being the largest one? 


2 eae te ee 
ie Eigse foe 1 i 7 


Vag) Yaa. @Yea ee on a an 
Kim's method works best for a linear tree, Biorci's method 
works more efficient if the tree does not form a linear 
path. Kim's method is used to solve an example. His real- 
iZatron. procedure’ Consists Of foun Steps: 

1. Form Y = aq* 


2. Take the column of Q with the largest number of 


ones. Assume the ones are located in rows 
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4. 


Example: 


method. 


i eee FOr the Submatrix-_. 


i,jpecesk by re- 


eEaimiacneniell th, yth, ..2 Kth rows: and Columns of 

Y and deleting the others. Place cee ina 

uniformly tapered form. This is done by noting 

the following 

(a) Interchanging row and column Jj with row and 
column m in Yioj,..-k corresponds to inter- 
changing the labeling of tree branches j and 
m. 

(b) Multiplying all elements of row j and column 
j by (-1) means reversing the polarity of the 
Tea tree branch, i.e. the yet port... (Note 
the element Y5- will remain positive). 

Repeat step 2 for the columns of Q with successive- 


ly smaller number of ones. 


Group the tree branches together. 


Realize the given cut set matrix Q using Kim's 





OV aS > 





a5 


Column 2 of Q has the maximum number of non-zero elements. 


This matrix is not uniform=— 
ly tapered since it violates 


condition 1, i.e. there sare 





negative elements in Y 
eS 


Multiplying row and column 1 by (-1) yields 


1 3 6 This matrix is stil] apes 
eles 7 Z uniformly tapered since it 
Yy 3.6 7 Sale 3 L 
6 12 l 4 violates conditions 2a and 


2. 


Tnterchanging rows 3 and 6 and columns 3 and © (rule a) 


which is uniformly tapered. 


KG 

tf 

Oo 
FN WwW |e 
Re BP NM IM 
Wo Ee e lw 


Proceeding with column 5 of Q, yields; 











1 6 il 6 
: - i| 3 2 placing iancuna tory . _ie 9 
nO 6 |-2 4 tapered form 20 6 jaa 4 
Columns 7 and 8 yield 
Coume 
2 Seo Cl and ¥ ees = ME beriihy 313 1 
rae. 4 364  4ly 3 tapered 411 3 


torm 
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The linear sub-trees (Fig.10) are then combined to form the 
tree as in Fig. 9. 

It can be seen that this method is very difficult because 
the process of obtaining the uniformly tapered form is 


essentially a trial and error procedure. 


3.3 Reducing the Cut Set Matrix to a Set of Incidence 

Matrices 

Tutte [11] and Mayeda [12] derive a set of incidence 
matrices from a given cut set matrix and then combine their 
corresponding subgraphs. Auslander's [13] method arrives 
at similar results using the loop concept to justify the 
incidence relations. Tutte bases his algorithm on the 
theory of matroids . He approaches the realization problem 
in much the same way as Mayeda. The basic ideas underlying 
their methods are as follows: 
Connect all edges of a fundamental cut set, i (Fig. lla), 
at an auxiliary node, n (Fig.11b). Then split this node, 
thus generating two separate graphs Gy and Go. Removal of 
EheVcue set, ty. erem Gy and G. yields two subgraphs G. and 
Ghe (Fig. llc). The removal of the cut set, i, from the 


graph corresponds to omitting row i from Q and all columns 


* A binary matroid is the class of elementary chains of a 
binary chain—group, i.e. the edges of a fundamental 
cut set form an elementary chain, all fundamental cut 
sets with respect to a given tree form a binary chain- 


group, thus constituting a class or binary matroid. This 
binary matroid can be represented by a matrix, which is 
called Q in this thesis. 
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ce 22 33 9 
ae ia | = ae 
Figure 8 


Linear tree port structure of a graph. 





Figure 9 


Graph of example in Section 3.2. 


Figure 10 


Subtrees found by Kim's procedure. 
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of Q that have a one in this row. This operation yields 


a new matrix H. If H can be partitioned as 


the cut set 1 does not represent an incidence set, that is 
the elements of i do not converge on a single node. Thus 


both separate parts G. and G, contain at least two nodes, 


b 


one tree branch, and one link. Ay and H, are the funda- 


mental cut set matrices of G_ and G respectively. 


b? 


The fundamental cut set matrix M, (1) of G, is found by re- 


1 
moving from Q all columns and rows which belong to Ho. 
3 is found. If H cannot be partitioned, 


one of the separate parts has to consist of only one node, 


Siminbar ly M, (1) of G 


indicating that the cut set 1 is an incidence set. In 
this case M, (1) = QO and M, (1) = row 1, omitting the zero 
entries. Proceed by successively removing the other rows 
until all M-matrices are incidence matrices. If Q has b 
rows, (b+l) of these "minimum M-submatrices" [12] are 
obtained, yielding (b+l) subgraphs. These subgraphs are 
then combined by joining them at the auxiliary nodes. 


Example: Realize the following Q matrix using Mayeda's 


procedure. The corresponding graph is shown in Fig. 12. 


1 
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Underlining indicates minimum matrix. 


Remove cut set 1 = 5 from OQ 





Partitioning is not possible. 

ad 2a 
Letting M, (5) = Q and M. (5) = 5/1 lee M. (5) represents 
a minimum M-matrix. 


Proceeding with M, (5) cut set j = 6 is removed. 


ae 

I! 
OO fF Iu 
OF O |N 
KH O O | 


Omitting rows and columns 7 and 8 in Q yields: 


ieee 
M, (56) = 5 |) al a ser Oman a Ne(, 
aoe ee eo a 


Omitting row and column 5 2n © yields: 


A 
(Ca | a 
1 1 i i41 

Proceeding with M, (6) cut set k = 7 1S removed. 
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7 ee ees eo 
M,, (67) = fi ie ft sie al 
SS | eo 1 

ee ee 

M, (7) = 

a Soe On Omaan 


Finally cut set 1 = 8 is removed from M, (6). 
£=8 M, 1 (68) = M, (6) 
(oe mek 
Mm,(8) = sf1 1 1 


The realization steps are shown graphically in Fig. 13. 


3.4 Successive Removal of Tree Tips 


The methods of Guillemin [14] and Iri [15] successive- 
ly remove the outermost branches of a tree (Verps! (4 ye 
once these have been identified. Since Iri's method is 
more general (Guillemin's procedure fails in the case of 
star trees) its principles shall be outlined. The main 
idea is that only those edges are removed which do not 
make the resulting graph separable. This is achieved by 
three operations. 

Thinning (Fig. 14) which means to delete a column with only 
Ohne non-zero Element or to delete alee butGwene Of 4a See oF 
identical columns. This removes parallel links. 


3.4 5 S 
1 


on 4 1 0 - a 
-F = 511 11 becomes 51] 


eo 


Shrinking (Fig. 15), which means to delete rows (1 and 2), 
which have only one non-zero element in the same column. 
Tf there are identical rows (4,6,7), one interchanges the 
role of a link (10) and a tree branch (4), corresponding 
to one of these rows. The result is that all but one of 
these rows have only one non-zero element in a common 
column (column 4). The branches corresponding to these 
rows are "perfectly series" [15], i.e. they are in series 


in any 2-isomorphic graph (cf. sect. 3.5) 





Seo ee 8 9 4 
dela 10. 0 LOO _8 974 
Zh, 0 Ge / | @Oey-0 2) 1 @Gaaeo 
| 10 eal: Od wk: 34.0 J 
pe = 410 1 1 1010 1 1 becomes 10} 0 1 1 
Soest aie tal: ly eee St lL. la 
GeO) - Ae ahh Ole) Oe: 6s O. Oa 
fe ee eae: | 7 Omer One 1 


Pie. Lerte hana form of ee corresponds to Fig. 15a, the 
right hand form to Fig. 15c, the one in the center tema: 
Se 

Reduction (Fig. 16) which means to remove a "perfect tip” 
[15], i.e. a tree branch, which isatip in any 2-isomorphic 
graph. The reduction with respect to row 1 is obtained as 
follows: add or subtract pairs of those columns (6 and 9) 
having a non-zero element in row 1, such that the element 
of the resulting column has a Zero in row 1. Augment the 


matrix by those of the new columns, which have more than 
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See. 


(a) (b) (c) 


Fig. 11 - Reduction of a graph by Fig.12 - Graph of 
coalescing and removing example in 
Section 3.3. 


a cut set. 
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Realization steps of Mayeda's procedure. 
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one non-Zero element and which are not identical with any 
column already present in the matrix (column a). Finally 
remove row 1. The reduction procedure attaches to a graph 
new Vii ey corresponding to those columns by which the 
matrix is augmented. (Each of these links forms a 3 edge 
loop together with the two links (6 and 9) connected to a 


perfect tip 1). Removal of row 1 corresponds to removing 


this perfect tip. (Fig. 16b) 


2 eee eee | 

i EGO. Gl Me 

> | io 1 Sl Mo 

a =e omen 
aelg 1 = = 1 

sMio 21 1 oO © 


Example:) Realize Q = [-rt y] by Iri's method. This eae 


set corresponds to the graph shown in Fig. 17a. 


eee ee ee 


On OF WM 





No thinning or shrinking are possible. Thus reduce with 


respect co \bOW 
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Figure 14 


Pius tration of “ihanning* 





Figure 15 


illustration ofS shrrking= 





Figure 16 


Illustration of “Reduction" 
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Wht Opa Mel an cl 





Thin with respect. co. column 1 


6;1-1-1-1 0 
Opell so, cl eel then augment and reduce with 
SiO -let O- respect to row 6. 
2 3 4 +a 
7/1111 Thin with respect to column 4, 
8i-1 -1 O-l then remove all but column 2: 
2 
51 q Shrink with respect to rows 7 
8 i-l1 and 8. 


The result is a 0 x 1 "“woid" [14] matrix, representinmepee 
single-edge loop. 

The graph is realized starting with the single-edge loop. 
The links and tree branches are added to the graph, which 
have been removed by the operations performed on the cut 
Set Matra CFigs. 17p:.to fm. 

This procedure rests heavily on theorems whose proof is in 


some cases "of considerable length and tedious" [15]. 


3.5 Combining Loops within 2-isomorphisms 


Two concepts have to be introduced before the methods 
of Fu [16] ana LOfgren [17] can be discussed. 
1. In a switching network each branch correspondgamms 
a switch, which is closed (1) or open (0). Con- 
necting two nodes by parallel paths generates a 


switching function. %f£ one switch within a pach 


* A single-edge loop is formed by coalescing the two nodes 


of an edge. 
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is open, the whole path is open. If one path is 
"closed", the two nodes A and B are connected 
Chg. 18) 5 


2. wo graphs Gy and G4 are 2-isomorphic if G. can be 


2 


found from G, by following operations (Fig. 19a): 


1 


Cut the graph G, at two nodes (n and m) into dis- 


1 
Jernt subgraphs... Lurn one cl ehnem around and join 
them again, “yielding Go- Two graphs are l-isomor- 
phic if they are cut or joined at one node (Fig. 
19b). 

Fu's method is based on the following observation: Short 

circuiting a tree branch j (deleting column j in F), yields 

a new graph oe which has the same loops as the original 

graph G, except for those loops, which contain the short 

Gircuited branch 7. In Figs. 20a and 20ce@the tree branch 2 

is short circuited. If the resulting graph Go is non-sep- 

arated (Fig. 20b), the loops which contained branch 2 in 


Ehetoriginal gtaohiewill Nnot=eomeari branen 2 41n<G If G 


2° 
1s separable (Fig. 20d), the loops which contained branch 


2 


2 in the original graph will be single-edge loops. The 
underlying idea of Léfgren's method is that tree branches 
within each loops have to form an uninterrupted linear path 
and that the order of tree branches common to more than one 
loop has to be the same within each loop. During the real- 
1zZation procedure those branches common to two loops are 
rearranged within 2-isomorphisms. This is illustrated in 


Fig. 21. Two loops (I and II) shall be combined. Three 
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Realization steps in Iri's procedure. 
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Figure 18 


Switching network 
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branches 1 and 3 do not form an uninterrupted path in loop 
I. Therefore a 2-isomorphic form of loop I is constructed 
(Fig. 2lc), in which branches 1 and 3 form a linear path 
before the loops are joined (Fig. 21d). 

The realization steps in Fu's method are: 

(a) Short circuit all but one of the tree branches 
and draw the corresponding graph. 

(b) Successively insert the other tree branches in 
the graph following the conditions demonstrated 
ete Chey gee 

Although this method looks simple it is not systematic be- 
Cause a tree branch can often be inserted in more than one 
place. This yields alternate subgraphs, some of which will 
not lead to a valid graph. These “dead graphs” [16] have 

to be carried along to ensure that a valid graph will result. 
The realization steps of L&éfgren's method are: 

(a) Choose the loop which contains the smallest number 
of tree branches and draw the corresponding graph. 

(b) Expand this graph by those loops which share the 
smallest number of tree branches with the already 
existing graph. If these common branches do not 
form an uninterrupted linear path, rearrange them 


within 2-isomorphisms. 


47 





(b) 


Figure 19 


2-isomorphic (a) and l-isomorphic graphs (b). 


/ = 3 / a2 2 
Ra ee ey | : 
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(a) (c) 
{ S 7 2. 3 
— — eo Ne 
eee | | _ - 
(b) (d) 
Figure 20 


Non separated (b) and separable graph (d) resulting from 
removal of branch from original graphs (a and oc). 


2 ! 3. 
in, oe 2/ \ / i \ 
. oe > Yat’, Jee i 
(a) (b) (c) (d) 

Figure 2] 


Combining loops (a,b) within 2-isomorphisms (c) to a graph (d). 
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Example: Realize B using Fu's and L&éfgren's methods. The 
given loop matrix corresponds to the graph in 


Ree. aL 2 


Pm WN 





The realization steps are shown in Fig. 22. 


3.6 Generating the Tree from Path Sets 
This method, due to Gould fe |¢ treats the tree 


branches of each loop as a path set. The tree branches 
common to different loops form additional path sets. Or- 
dering maximal path sets, i.e. sets, which are not contain- 
ed in any other path set, subtrees are obtained. This 
ordering procedure is done by using those path sets which 
are contained in the respective maximal sets. This proce- 
dure is extremely laborious if the tree is not a linear 
path. 
Example: Demonstrate Gould's procedure. The loop set 
matrix corresponds to Fig. 23a. The graphical 
representation of the maximal path sets and the 


forming of the tree is given in Fig. 23b. 
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ir x 
* 
B = 2 
A 
8 * 
set 1 and 2: (3(5)6) Kdenote 
set 4 and 8: (3(67)) maximal 


path sets 


These sets are combined using "overlap rules" [18], which 
merely state that one should combine the subtrees by over- 


lapping corresponding branches to obtain the whole tree. 


2.4 “Summary 


The basic principles of existing procedures have been 
classified and outlined with the most efficient method of 
each classification used to solve a simple realization pro- 
blem. Each of these methods, however, suffers from at 
least one of the following deficiencies in its application 
as an engineering tool. 

1. The method fails in some cases (Guillemin). 

2. The underlying mathematical principles are too 
abstract for practical applications and thus do 
not give much insight in the realization proce- 
dure (Uiutte, fer). 

3. Except for Iri‘s method, none of these proceduges 
has been put into the form of an algorithm, which 


can be directly used on a digital computer. 
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(b) 


Figure 22 


Realization steps in Fu's (a) and L&fgren's method (b). 


(b) 





Figure 23 


Demonstration of Gould's procedure 


Silt 


4. The method requires too much work particularly as 
the matrices become more complicated. This is 


true for all procedures reviewed. 


The last statement is especially true for those methods 
which reveal alternatives while the realization progresses, 
since only some of these alternatives will yield a valid 
graph. Thus one has to carry along “alternative” subd¥Ydapmis,; 
which finally may end up as being a “dead graph" [16]. 
Moreover, rewriting matrices and redrawing graphs is always 


a source of error. 


Be 


REALIZATION OF THE LOOP MATRIX B 

USING THE COMBINATORIAL APPROACH 
Ae Antroduction 

The method presented in this thesis takes a combina- 

torial approach, 1.e. joining £ loops together such that 
common branches appear in uninterrupted chains. It thus 
belongs to the classification of “Generating the Tree from 
Path-Sets". This method identifies trunk branches, main 
branches, and limbs, and introduces the concept of "Unique 
connections". This yields a procedure which is easy to 
apply and generally more efficient than those reviewed 
above. The required theorems to develop the procedure are 
proven rigorously using the method of contradiction. Also 
the method has been programmed for automatic computation on 


a digital computer as discussed in Chapter 5. 


4.2 The Concept of Trunk Branches, Main Branches, and Limbs 


The following information about a graph associated with 
a given loop matrix can be obtained immediately from the 
B-matrix: 
(a) The number of loops in the graph, and the tree 
branches plus the defining link for each loop. 
(b) Those tree branches which are common to more than 
one loop. 


To extract more information five theorems are stated. 


Theorem 4: In each loop the k tree branches form a linear 


path whose end nodes are connected by a link. 


5S 


Proof: 
Property ike 


Assuming there existed a loop whose tree 
branches do not forma linear path. At least 
one tree branch would share a node with two 
branches ina linear path. This would contra- 
dict the definition of a loop requiring that 
exactly two edges have to be incident with 


each node, 


If k tree branches belong to only one loop, 
they may appear within the linear path in any 


order, 


This property holds because permuting any two tree branches 


does not violate the definition of a loop. 


Theorem 5s 


Proor: 


Two or more tree branches common to more than 
one loop have to appear in the same sequence in 
all loops. 

Assuming in Fig. 24 tree branches (b,c,d) form 
a linear path b-c-d in loop i and b-d-c in 

loop j}. This is possible only if c and@@§are 
identical, i.e. tree branches b and c forma 


linear path in both loops. 


As a result of Property 1 and Theorem 5 only those tree 


branches common t more than one loop will put restrictions 


on the ordering of tree branches within loops. Those 


branches that appear in only one loop (their corresponding 


column in the B-matrix has only one non-zero element), can 
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be placed in series with the link. We will call them limb 
* 
Dieamenes, Or gust tambs (branch 9 in Fig. 2s). “he leap 


matwix, 68 Of the graph an Fig. 25 is 





links tree branches 


That loop which contains the maximum number of tree branches, 
which are not limbs, shall be called main Loop” (loop 1] Si 
Fig. 25). These tree branches (branches 4,5,6,7) form the 


trunk” of the Grappa, andyare calved trunk branches~ 


Theorem 6: Trunk branches form a linear path not interrupt- 
ed by main branches or limbs. 

Proof: Tf there were a limb within the trunk, it could 
always be moved to one of the two end nodes 
Since it appears only in one loop. If there 
were a main branch present then, by definition, 


1t should have been included in the trunk. 


4.3 Ordering Trunk Branches and the Concept of Unique 


3 
Connections 


By Theorem 5 each group of trunk branches, belonging 


to one loop, also appears in the trunk, not interrupted by 


* These definitions are original. The term “limb” appears 


sometimes in the literature but with a different meaning. 


55 


any other branch. These groups shall be called chains of 
trunk branches or just chains. A main branch, together 
with some of the trunk branches, form linear paths in at 
least two different loops. These groups of trunk branches 
also form chains and must share a common node (cf. Theorem 
6) to which the main branch is connected (Fig. 25, node a). 


Thus the following property is obtained: 


Property 2: The chain and the common node requirements are 
the only restrictions on the ordering of trunk 
branches. 

Once the trunk is established by combining the chains, 

starting with the smallest ones, the common node require- 

ments can again be used to attach the main branches to the 
trunk. 

To ensure an efficient connection procedure, those main 

branches are attached first whose position relative to the 

trunk is completely specified, i.e. no other branch could 


take this location without causing an unrealizable graph. 


Theorem 7a: A main branch m is uniquely connected to the 
common node between adjacent trunk branches a 
and b, if either a or b is in each loop am 
which m is present, provided m appears at 
least once with a or b, respectively. 

Proof: Assume m forms a linear path with trunk chains 
Cl and C2 in loops El ‘and £2. 2 Cl anata 


would not share a common node, they must be 
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Come ilar: 


Theorem 7b: 


Proof: 


separated by at least one trunk branch. 

Since m forms a linear path with Cl and C2, 
respectively, m has to be connected to an end 
node vor Cilsand G2) Enus Forming awloop {eirg. 
26a), which is not possible, since trunk and 
main branches are part of a tree. 

If more than one main branch is uniquely con- 
nected to the same node and there exists a 
loop in which only one of these branches ap- 
pears, this branch should be connected first. 
If there is no loop containing all of these 
main branches, indicating disjoint sets of 
main branches, one branch of each set will be 


connected to the common node. 


A main branch m is uniquely connected to the 


end node of a chain, if the trunk branch ty 


incident with the end node appears in each 
loop in which m is present, provided the trunk 


branch t, adjacent to t, appears in one but 


Z 
not all of these loops. 


i 


Assume m were connected between ty and to. 


then m, ty and t. could not appear in the same 


loop. Assume m were connected to the node of 


& at which t. 1s not incident, then there 


oe 1 


oy 


exists a loop, in which m has to he parallel 
to to (Fig. 26b). This is impossible, since 


mm, tie and &. are part of a tree. 


2 
Theorem 7b will also be used to attach main branches to 
those already connected to the trunk. 

Once all the unique connections have been carried out, 
main branches are added to the existing tree structure by 
using Theorem 4, i.e. they have to form linear paths with 
the branches already connected. 

Should the graph, corresponding to the loop matrix B, 
be separable, this will be indicated by the following pro- 
perty. 

Property 3: If there exist main branches or limbs which 
do not appear in any loop together with trunk 
branches, they belong to separate parts of 


the graph, none of which contains trunk branch, 


In case there should be no main branches and/or limbs, the 
realization procedure will not be affected (see examples in 


sections 4.5.1 and 4.5.2). 
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Tllustration of Theorem 5. 





Figure 25 


Trunk branches (4,5,6,7), main branches (8), 


and limbs (9). 
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Figure 26 


Tllustration of Theorems 7a and 7b. 
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4.4 An Illustrative Example 


The procedure shall be demonstrated by working out a 
realization in full detail. 
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Given the matrix B= Lu'F], where: 
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Since the procedure does not involve the assignment of di- 
rections to the branches, the F matrix, as given, is non- 
oriented. Should an oriented graph be required the appro- 
priate arrows may be placed on the branches afterwards to 
correspond to the + or - directions associated with each 


unity element in the given circuit matrix. 


4.4.1 Partitioning the F Matrix 
(a) From F form a submatrix, Fie of those columns 
which have only one non-zero element. This se- 
parates the limbs. The ordering of columns with- 


am By is not important. The submatrix containing 
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the remaining columns is designated by Fim’ 


Thus F = Ea Ee a 


For the given example the limbs correspond to tree branches 


OG oe, 


(1b) 





and 5 and F is partitioned as follows: 
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Find the row of Fim which contains the maximum 


number of non-zero elements. Separate these 
columns and form a submatrix designated by FL 
The branches corresponding to these columns are 
the trunk branches. The ordering of columns Fy 


is not important. The remaining columns of Fm 
form the submatrix ye The branches correspond- 
ing to these columns within E is noe important, 


Partition F as follows 


{ ( 
F = [PF Ped 
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For the example, the row corresponding to loop 21 is seen to 
contain five branches of Fiat namely 1,2,4,9, and 13; 
which are now identified as trunk branches. In those 
cases where more than one row contains the maximum number 
of non-zero elements, alternate selections of trunk 
branches are possible. Por theexample, F, is now partitioned 


as follows: 
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4.4.2 Establishing the Trunk 
From the FY matrix list all of the trunk branches which 
are contained in each row, for those rows that contain more 


than one trunk branch. Thus for the given example 


LOoOp Trunk Branches 
14 and 24 2-9 
2 1-2-4-9-13 
23 4-13 
Table 1 


GZ 


From F_, for each main branch, list those trunk 
branches which appear in the same row. When the main 
branch is contained in more than one row write these trunk 
branches on the same line and separate these numbers from 
the others by a comma. For the given example this listing 
becomes : 


Main Branch Trunk Branch Chains 
2, 2-9 


ow OD W 
NO 
2 


sme 2, 


Table 2 


Main branch 6 is connected to trunk branches 2 and 9 
in loop 14. Branch 6 is also connected to trunk branch 1 
ite OOD US,. and ko crunk pDraneh, 2. an Loop 192. sConmas sae 
used to separate combinations or chains of trunk branches 
which have the same main branch in common. These chains of 
trunk branches must have at least one node in common (Theo- 
rems 6 and 7). The order in which branches are listed 
within a chain by itself is not important, since we look at 


only one loop at a time (Property 1). 


Using the second table, starting with rows involving 
the smallest number of chains of trunk branches, arrange 
the trunk branches in a sequence which satisfies all of the 
common node requirements. Thus, for the given example, 


trunk branch chains 1,2 and 2,9, respectively, must have a 
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common node. This establishes the trunk branch chain 1-2-9. 
The tabulated requirements that branch 2 and chain 2-9 have 
common nodes, and that branches 1 and 2 and chain 2-9 have 

common nodes is also satisfied automatically. Should any of 
the common node requirements be contradictory the graph 


would not be realizable. 

Inspect this sequence and add additional trunk branches 
so that all of the trunk branches in Table 1 are included in 
the trunk chain. This establishes the trunk of the tree. For 
the example, trunk branches 4 and 13 must be added. Since 4 
and 13 must be ina chain it follows that the trunk may be 
established in four alternate ways as shown in Fig.27, the 
only restrictions being that chains 1-2-9 and 4-13, respect- 


ively, be kept intact. 


4.4.3 Making Unique Connections 

The information contained in Table 2 is now used to 
carry out unique connections, applying Theorems 7a, 7b, and 
CO sol bam y 7. 

Main branch 7 is uniquely connected (Theorem 7a) to the 
node shared by trunk branches 2 and 3. 

Main branch 8 is uniquely connected (Theorem 7a) to the 
node between 1 and 2, but so are main branch 6 (Theorems 7a 
and 7b), main branch 3 (Theorem 7b), and main branch 11 
(Theorem 7b). Applying Corollary 7 the a neuen F-matrix 
is examined. There is a loop (14) containing only main 
branch 6 in addition to trunk branches, whereas loops 18 
and 19 contain main branches 6 and 8. Thus main branche 


has to be connected first and is followed by 8. 
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Main branches 3 and 1l do not appear together with 6 
or 8 in any loop, thus they will be part of a different 
linear path (Corollary 7). Since there is no loop, which 
besides trunk branches contains only 3 or 11, either one of 
them may be connected first. Choosing main branch 3 the 


unique connections are shown in Fig. 28. 


4.4.4 Extending Main Branches 

Continue the tabulation by listing unconnected main 
branches and all chains of trunk branches and connected 
main branches which appear in the same row, using commas 
to separate chains for different rows. Inspect this part 
of the table to connect additional main branches to the 
graph as in section 4.4.3. After these branches are con- 
nected extend the table further, continuing until all main 
branches are connected to the tree. 

For the given example the remaining unconnected main 
branch 1s. Ay, 


The extended tabulation becomes: 


Main Branch Trunk Branch and Connected Branch 
Chains 
11 2-3-7, 2-3 


By Theorem 7b main branch 11 is uniquely connected to main 
branch 3 at the node where trunk branch 2 is not incident. 


This completes the connection of main branches. 
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4.4.5 Connecting the Limbs 
Add the limbs to the graph so that they are grouped 
with the trunk and connected main branches as indicated by 


the rows in the F matrix. 


4.4.6 Connecting the Links 

The position of the links relative to the tree are 
uniquely determined by the B matrix. 

The application of the last two steps to the given ex- 


ample yields the final graph as drawn in Fig. 29. 


A.5  huabher Sexomp bes 


4.5.1 Graph used in Review of Existing Realization Proce- 


dure (No Limbs Present) 





The trunk branches can immediately be identified as: 3,6, 


7, thus 5 1s a main branch. 


ab kewd Table 2 
6-7 Oo 
= o-7 


Trunk: |) 7 = 6—3 
Since main branch 5 is uniquely connected to the node be- 
tween trunk branches 6 and 3, the resulting graph is that 


Of Figs, 30: 
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Figure 27 


Possible trunks of illustrating example. 


Figure 28 


Unique connections of illustrating example. 
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Final graph of illustrating example. 
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4.5.2 Graph with Separate Parts (No Main Branches Present) 


Ose) 
NO 
Uo 


i Ae On eT. 
11 1, "© mOMOr 70 
910 i ow 0 
F = 
10 als Oo! QO i. “Om 20) 
{ 
1110 Cota nO 1 
| 
ao ae 
Table 1 
1-2 - 3 
2- 3 
p= 2 
Trunk: 1-2 —- 3 


Possible connections for limbs 4 and 5 are shown in Fig.3la. 
The separate part consists of limbs 6 and 7 and link ll. 


The-funal Graph«1s) shown in l1g.). 2 ibe 


4.5.3 Loop Matrix which is not realizable 
This example of an unrealizable loop matrix has been 


investigated by many authors (for references of [3]). 


5 26s 7 Trunk Branches 5,06,/7 
1 eee Table 1 
2a a, a: 5-6 
Bete saa Oe i ae B27 
A eeeeeeeel 6-7 | 
5-6-7 


The only way these chains can be combined is shown in Fig. 


32. This violates Theorem 6 which states that trunk 
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Figure 30 


Giaph of SECtlon 425. 1. 


Figure 31 


Graph of Section 4.5.2. 
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Figure 32 


Trunk Of Section 4.5.3. 
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branches have to form a linear path. Moreover Theorem 4 

is violated. Thus this loop matrix is not realizable as 

a graph. 

4.5.4 Graph Consisting of Trunk and Main Branches, Limbs, 
and = Separace Parts 


Given: 
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Table lL: Table 2: 
1-9-13-16 
1-13 


3-16, 3 


1-8, 1-13-8 
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The realization steps and the final graph are depicted in 


BalkGeSe 55. 


ae 





(d) 


Fr gure: 23 


Realization steps and final graph of Section 4.5.4. 
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PROGRAMMING THE REALIZATION PROCEDURE 
ON A DIGITAL COMPUTER 
Sabie cooue tL lon 
ie acct tton tO ene: mer1ts Tisted in section 3.7 there 
is another advantage of the procedure presented in this 
thesis: All realization steps are "final" and a connection 
will never be nullified. Thus, when this procedure reveals 


an inconsistancy, the loop matrix is not realizable. 


Sec inpue7Ou cpu Considerations 


The inputs for a computer program have to be a mini- 
mum. For this program this is achieved by reading in an 
augmented F matrix, eee as 1s augmented by one row at the 
top whose elements denote the tree branches corresponding 
to the columns of F, and by one column at the left side, 


indicating the links or loops corresponding to the rows of 


Bs 
_0 tree branches _ 
ty 
1 i 
F s = nN F 
KY 
2 | 


Thus the input for the realization of the B matrix associa- 


ted with the graph in Fig. 34 is: 
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The output or print out imposes more problems. There are 
essentially three possibilities: 
1. Graphical output, i.e. have the computer draw the 
graph. 
2. Numerical output, 1.e. using a number code or the 
incidence matrix. 
3. Language print out, 1.e. giving instructions how 


to draw the graph. 


Possibility 1 requires the use of an additional difficult 
output program. Possibility 2 requires the use of an ef- 
ficient coding system or the generation of the incidence 


matrix. 


In both cases information about unique connections is 
lost. To use a language print out, however, is quite logi- 
cal for this procedure, because the graph can be drawn in 
steps once: the possible trunks are listed in their proper 
sequence; the nodes to which main branches are uniquely 
connected are given; similarly the nodes to which the re- 
maining main branches and limbs are connected are listed; 
finally, the two nodes to which each link is connected are 


stated. 


5.3 Partitioning the F Matrix and Establishing the Trunk 


The element of each column of the submatrix F within F, 
are summed. If the sum equals one, the column corresponds 
to a limb, and the column (9) of Be is stored in an array, 


LIMB. These columns form Fy. Then the elements of each 
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row in F are summed, except those elements which appear in 
a column identified as a limb. The row (13) having the 
largest sum is identified as the main loop. Those columns 
(2,3,4,5) having a non-zero element in this row correspond 
to trunk branches and are stored in the array, TRUNBR. 
These columns form Fie Those columns (6,7,8) havinga zero 
in this row correspond to main branches and are stored in 
the array MAINBR. These columns form re If there are 
more than one row with the same maximum sum, the uppermost 
row of them is identified as the main loop; alternate se- 
lections will yield the same graph. This completes the 
partitioning step. 

From Fy all chains of trunk branches are stored in the 
array KCHAIN, employing row 1 of F_- Thus 5678,67,58 are 


Stored. From Ls and F, the common node requirements for 


tc 
each main branch are listed in KCHAIN, avoiding duplica- 
tions. Thus 57 and 67 are stored. The next step is to 
combine these chains. This combination procedure is some- 
what intricate and shall be explained in more detail. 
Starting with the smallest chains, stored in the array 
KCHAIN, larger chains are formed by combinations, stored 

in the array JTRCH. To ensure that the elements are cor- 
rectly ordered, the following technique is used: If there 
is no restriction on the order in which the elements of 

the resulting JTRCH have to appear, variations are generat- 


ed such that each element appears at least once as the 


first or last element. If there is a subsequent KCHAIN, 


Fes 


which has at least one element in common with a JTRCH, 
then there exists one variation of this JTRCH which has 
this element in an end position. This variation has the 
correct order, 1.e. it appears in this order also in the 
final trunk or trunks. Since the KCHAIN reflects only a 
common node requirement, those elements of KCHAIN which 
are not present in this JTRCH are attached to the latter. 
The elements by which the JTRCH is augmented are referred 
to as "non-common" elements. 
Ex: KCHAIN 38 

JTRCH 1234, 2413 


new JTRCH 24138 


Once a JTRCH has been augmented, all variations of it are 
deleted, i.e. 1234 and 2413. The underlying idea of this 
technique is that trunk branches form an uninterrupted path 
(Theorem 6, sect. 4.2). This combination procedure is es- 
sentially a problem of pattern recognition which is straight 
forward for a person to perform. However, the computer has 
to be programmed to distinguish between 7 combination pat- 
Geman. 

Tf a KCHAIN (K) 

1. cannot be combined with any of the JTRCH, then it 
forms a new JTRCH (Jl). Variations (J2) of this 
new JTRCH are generated as described above. 

Ke 1234. wis 1234-22 
2. indicates that some of the JTRCH (J) violate a 


common node requirement, then delete these JTRCH's. 
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K: 234, J: 2143 

is completely contained in a JTRCH (Jl), then no 
combinations with K are carried out, but those of 
the JTRCH's are deleted which violate a common 
node requirement (J2). 

K: 578, Jl: 48572, J2: 84572 

contains the first (or last) element of a JTRCH (J), 
then a new JTRCH (JN) is formed, augmenting J by 
the "“non-common" elements of K. All variations of 
J are deleted. 

Ke ooo, aie 22345) e0N 2) 123475 

The variations of JN are 123457, thus each of the 
new, unordered elements is once in an outer posi- 
Eaten: 

contains the first (or the last) element of two 
different JTRCH's (Jl and J2), then Jl and J2 are 
combined to form a new JTRCH (JN) with the “non- 
common" elements in the middle. All variations of 
Jl and J2 are deleted. 

Kee i265 Odeo a2 oN Oa Lo 

Variation of JN: 361257. If the common elements 
are both in first position the order of Jl or J2 
has to be reversed before the combination. 

contains the first and the last element of a JTRCH 
(J), then J is augmented by the "“non-common" ele- 
ments forming a new JTRCH (JN). In the variations 


the first and the last element of J as well as 


da 


each of the "non-common" elements have to be in an 
end position (6. is a special case of 1.). 
Ke 36752, Wiser c 
JN"S® 57236, “27562 
7. contains the first and the last element of a JTRCH 
(J1) and at least the first or last element of an- 
other JTRCH (J2), then Jl, J2, etc., are combine! 
Each of their end elements and the "non-common" 
elements have to appear in an end position of one 
of the variations of the new JTRCH (JN). All va- 
riations of Jl, J2, etc., are deleted. 
Ke (8425p eect S24y eilz2s 7S 
JN'S* 324578, 324587, 4327e5. 
The largest KCHAIN contains all elements of the trunk, be- 
cause they correspond to the trunk branches present in the 
iain loop (cf. sect. 4.2), we will always be able to gene- 


rate the complete trunk(s) by this combination procedure. 


5.4 Connecting Main Branches sand viames 

When the trunk(s) has been established, the main 
branches and limbs are connected. In section 4.4 this 
step of the realization procedure is performed in tabular 
form, A similar "table" is used in the computer program. 
For each main branch 

l. the number of loops in which it appears is stored 

in the array MSER, 


2. For each of those loops the trunk branches are 
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stored in the array MBRT and the other main 
branches in MBRB. 

Example: Tree branch 3 (Fig. 34) is the third main 
branch 
MSER 3 = 2 


MBE (3) al) => MERE ool) 


Zee LOG pag) 
MBREs(3,2,.) = 7 MBRE (3,2,1)) = 2 loop 2) 
Unique connections are found by inspecting the above table 
whether the conditions of Theorems 7a and 7b and Corollary 
7 are met by any of the main branches. For this example 
main branches 3 and 1 are both uniquely connected to the 
node between trunk branches 5 and 7, either main branch 3 
Obel may be connected first, Main branch 2 is uniquely 
connected to the outer node of trunk branch 6. 
Once all unique connections have been made, a search is per- 
formed with the remaining main branches, whether they can 
be attached to the already connected main branches, accor- 
ding to Theorem 7b. When this step has been performed and 
there are still unconnected main branches left, they are 
attached to trunk or already connected main branches such 
as to satisfy Properties 1 or 3. Limbs are simply connect- 
ed to the outermost main branch, or leftmost trunk branch 


if there are no main branches in that specific loop. 


5.5 Connecting Links 


The links connect the end nodes of the linear paths 


formed by the tree branches in each loop. In sect. 4.4.6 


ao 


these end nodes are found by an inspection of the already 
synthesized tree, represented by a graph, and the rows of 
the loop matrix. In the computer program an efficient 
search for the end nodes of the linear paths is achieved by 
identifying tree branch patterns for each loop. These 
patterns are demonstrated in Fig. 35, where the capital let- 
ters indicate whether trunk branches (T), and/or main bran- 
ches (M), and/or limbs (L) are present in a loop. The po- 
Sition of the link (dotted line) is indicated as specified 
by the particular pattern. 

This completes the programmed version of the realization 


procedure. Next, two typical computer solutions are given. 


30 





Figure 34 


Graph corresponding to loop matrix in Sect. 5.2. 
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Patterns of link positions with respect to trunk branches 
(T), main branches (M), and links (L). 
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5.6 Two Computer Solutions 


Computer solution of the example in Section 4.4. 


The graph is shown in Figure 29. 
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The graph is shown in Figure 36. 


A general problem. 
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EVALUATION OF THE TOTAL NUMBER OF DIFFERENT GRAPHS 
HAVING AN IDENTICAL LOOP MATRIX 


Gee Ce eOOUC eon 

Up to now this realization procedure has been used to 
find a graph associated with a given loop set matrix. How- 
ever, there is another application. It has been pointed 
out in section 3.1 that there may exist no graph, exactly 
one graph, or many graphs corresponding to a given loop set 
matrix. This realization technique gives a way of calcula- 
ting the total number of different graphs having the same 
loop set matrix. Although this problem is at the present 
only of theoretical importance, it demonstrates the general- 


ity of the realization procedure presented in this thesis. 


6.2 The Concept of Different Graphs 


Given two graphs G and G. having the same number of 
nodes and labeled edges. Moreover, they shall have the 
same number of loops. Each loop in G, can be identified 
with a loop in Go i1.€. corresponding loops are made up of 


the same edges. 


Definition: Two graphs G, and G, having the same number of 


1 2 
nodes, labeled edges, and identical loops are 
called different if there is at least one node 
which is not incident with the same edges in 
both graphs. 

The two graphs in Fig. 37 are different. The concept of 


difierent graphs could be useful an inteqrated circuic Lay— 
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outs. If in Fig. 37 edges 5 and 2 are capacitive and 
edges 1 and 4 resistive, the circuit arrangement in Fig. 
37b could be implemented easier than that in Fig. 37a. To 
summarize: different graphs are physically different, i.e. 
the arrangement of their labeled edges relative to each 
other is not the same. However, these graphs all have the 


same topological structure. 


6.3 Evaluation of the Total Number of Different Trunks 
Before calculating the number of different graphs,the 
number of alternate solution for each realization step is 
determined. Assuming the trunk is made up of T disjoint 
chains of trunk branches, i.e. which can be permuted with- 
out violating any common node requirement (CNR). Let the 
ith chain be composed of ts edges which can be permuted 
within the chain not violating any CNR. Then the follow- 
ing theorem is true. 
Theorem 8: If the trunk is composed of T disjoint chains 
and each chain has t. permutable edges, then 


there exist 


P 


Noy el ere: 


L= 


= —— 


different trunks. 
Proof: This expression is verified using the well known 
formulae of permutations. The factor one half is introduced 
Since two trunks are not considered to be different if they 
have the same sequence of branches either from "left to 


tigi omy rrgnt to Lert”. 
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Referring to Fig. 38 the three chains can be permuted in 
3!/2 ways. The branches within each chain can be permuted 


in 3! ways, yielding a total of 648 different trunks. 


When there are CNR within the chains, i.e. some bran- 
ches form subchains, the expression in Theorem 8 has to be 


modified. 


Theorem 9: If the trunk consists of T disjoint chains and 


the branches in the ith chain form G success- 


ively smaller disjoint groups of subchains, 

each of which having Tie disjoint components, 

then there exist 

t vi 
Ny = (Bt/72) TJ | Gias 
J 
A 

Proof: This theorem is verified applying combinatorial 
mathematics. In Fig. 39 chains 1 and 2 can be permuted in 
(2!/2) = 1 way. Chain 1 does not have any subchains, thus 
there is only one CNR, i.e. G = 1. The edgesl and 2 can 


be permuted in 2! ways. Chain 2 consists os two subchains, 


thus SHEES are 3 CNR within chain 2;. 1.6, G. = 3. The 
produce | | Goa: is composed of the terms 
j=l 
oon a 1: for the elements in subchain 2a 
Gon = 3! for the elements in subchain 2b 


Go3 = 2! for the subchains 2a and 2b in chain 2 
Thus thereto. tot wse tote leon (2072)> 2° L1'3!2!] = 24 dif- 
ferent trunks. This completes the calculation of the num- 


ber -Of dit ferent -Erunies. 
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6.4 Evaluation of the Total Number of Different Main 


Branch Connections 


Tn the process of connecting main branches to the 


trunk or already connected main branches, there can arise 


four possibilities: 


1. One main branch is uniquely connected to a node. 


2. Two or more main branches are uniquely connected 


to the same node. 


3. One main branch can be connected to either end of 


a linear path of trunk branches and/or already con- 


nected main branches, 


4. More than one main branch can be connected as in 3. 


Clearly case 1 does not yield alternate solutions. 


Assuming there are M groups of main branches uniquely con- 


nected to the same node, the ith group having mM. elements. 


Assuming, moreover, there are N groups of main branches 


that could be connected to either one of the two end nodes 


Otsaelinearspatny, ENG JEN group haying ns elements. Then 


following theorem holds: 


Theorem 10: 


If the main branches can be uniquely connected 
1n M groups to the same node, such that each 
elements of the group may be connected first, 
and N groups of main branches can be connected 
to either of two end nodes of a linear path, 
then there are 

M N 

Nv = | | mM. « | l(n.41)! 

i=] st 

different ways to connect these main branches. 


pla: 


Proof: Referring to Fig. 40a the 3 main branches can be 
eonnected in 3. different ways to Neder aer -onerta4 Joe 
follows that main branch 4 can be connected in two ways to 
end nodes a or b. Fig. 40c reveals that there are 4x3! 
different ways to connect the main branches 5,6, and 7 to 
either one of the end nodes c and d. If all main branches 
are connected to one node, 3. dlffeérent Connections resi 
Alternately, one branch can be selected in 3 ways and then 
connected to one node. The remaining 2 main branches are 
then attached in 2! different ways to the other node. 

This again, yields 3: different possibilities. This com- 
pletes the calculation of the different possibilities to 


connect the main branches. 


6.5 Evaluation of the Total Number of Different Limb and 
Link Connections 
Finally the number of alternate connections for limbs 


and links is given by 


Theorem 11: If there are L loops, the ith loop having 4. 
limbs, then the limbs and the links can be con- 


nected in 


_L 
IF <giecsnnye: 
i ae 


Zz 
Il 


Proof: Referring to Fig. 41 there are 3: ways to connect 
the three limbs, assuming the link is connected last. How- 
ever, the link can be placed in four different positions, 


thus there are a total of 4x3! different ways to con- 


a2 


nect the three limbs and the link. This completes the num- 


ber of different ways limbs and links can be connected. 


6.6 Evaluation of the Total Number of Different Graphs 


By the definition of the term "different graph" each 


of the alternate connections yields a different graph. Thus 


the following theorem holds: 


Theorem 12: If the realization procedure presented reveals 


Enat 


es 


w= | (T!/2) 


Tierenunk Consists Of 7 sdis  jOrmenchormnea, 
the ith chain forming G. successively 
smaller disjoint groups of subchains each 


having Gs disjoint components, 


i 
the main branches can be uniquely connected 
in M groups to one node and attached in N 
groups to either one of two end nodes, 


there are L loops, the rth loop having L. 


limbs then there exist 


hs 1 M N 


L 
| g. nl LI lm, 1 Mtn +1) | UT learns] 


ee lea 
i=l j=1 7 a 


different graphs corresponding to a given 


fundamental loop or cut set matrix. 


The unknowns present in this expression can be obtained 


from the computer program. The common node requirements are 


listed in the output for this purpose. 


i 


(a) 


ed 


num ber en main branches 


connectecl to anode 


(c) 


Figure 40 


Different main branch connections 


Figure 41 


Different limb connections 
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CONCLUSION AND SUGGESTION FOR FURTHER RESEARCH 

The efficiency and generality of a new realization 
procedure for a fundamental loop or cut set matrix has 
been demonstrated. The concept of trunk branches, main 
branches, and limbs proves to be useful in describing 
graphs. The idea of physically different networks is 
introduced which should prove to be useful in finding or 


classifying equivalent networks. 


a5 


Or 


ees 


ee 
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APPENDIX I 


Glossary of Topological Terms 


The definition of topological terms used in this thesis 
are summarized below. 

Adjacent: Two edges are adjacent, if they have a vertex in 
common. 

Basic: See Fundamental 

Branch: See Tree Branch 

Connected: A graph is connected if there exists a path be- 
tween any two nodes; a connected graph cannot contain 
any isolated node. 

Co-tree: The edges of the graph which are not part of the 
tree form the complement of the tree or co-tree,. 

Cut Set: A set of edges forms a cut set if the removal of 
this set "cuts" the graph into separate parts, however, 
removing all but one of these edges leaves the graph 
connected. 

Edge: Two distinct points (end points) and the line seg- 
ment joining them form an edge. 

Fundamental Loop: A fundamental loop consists of one link 
and the tree branches connecting its nodes. 

Fundamental Cut Set: A cut set which besides links cuts 
only one tree branch. 


Fundamental Locp Set Matrix 
links tree branches 


at 


B= [ U | F | loops 


1 if edge j is present in loop 1. 


ij 
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Fundamental Cut Set Matrix 


links tree branches 


r~ | 
QO | -F* ! U | cut sets 


q Pi NeCOGe. > Ver Gulley bye Ene Ct aan, 


ay 

Graph: A. binear v‘orapa or just, Grapnnis ar,celrection of 
edges with no single-edge loops. 

Incident: A node and an edge are incident if the node is 
an endpoint of the edge. 


Tncidence Matrix: 


edges 
A = [ a.. | nodes 
a) 
i 1 if edge j and node i are incident 
Incidence Set: The set of edgeS incident at one node from 


an incidence set. 

Isomorphisms: If a graph Gy can be broken at a single node 
into two disjoint subgraphs or two disjoint subgraphs 
are joined at a single node, then the resulting graph 


and Gy are l-isomorphic. If a graph G, is cut at two 


il 
nodes into two disjoint subgraphs, one of them is 
turned around and then joined with the other at the 
two nodes, Gy and the resulting graphs are 2-isomor- 

Limb: A tree branch which appears in only one loop. 

Linear Graph: See Graph. 

Link: An edge of a graph which is not a tree branch, is a 


link. The links form the co-tree. 
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Loop: A connected subgraph in which exactly two edges are 
incident with each node. 

Main Branch: A tree branch which appears in more than one 
Loeb: and “US enor spertrof the, crunic . 

Main Loop: The loop of a graph containing the maximum 
number of those tree branches which are common to more 
than..one 6op. 

Node: The endpoint of an edge is called a node or vertex. 
Tsolated points of a graph are called "isolated nodes". 

Oriented: If an edge is assigned a direction, the edge is 
oriented. If a graph is made up of oriented edges, 
the graph is called oriented. 

Path: A linear path or just path, between nodes i and j is 
a sequence of edges. Each node of the path is shared 
by exactly two edges except nodes i and j which form 
the endpoints of the path. 

Separable Graph: A connected graph is separable if it con- 
tains at least one subgraph which has only one node in 
common with its complement. 

Single-Edge Loop: Coalescing the two nodes of an edge 
generates a single-edge loop. 

Trees: A connected subgraph containing all nodes of a graph 
but no loops is called a tree of a graph. 

Tree branches: The edges of a graph which are part of the 


tree are called tree branches or just branches, 
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Trunk: The linear path which is formed by the tree branches 
appearing in the main loop (omitting the limbs) is 
called the trunk of the tree. 

Trunk Branches: The tree branches which form the trunk are 
called trunk branches. 

Unigue Connection: If the position of a main branch rela- 
tive to the trunk and/or connected main branch is ex- 
actly specified, the main branch is uniquely connected 
with respect to those branches. 


Vertex: See Node. 
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APPENDIX II 


Transformation of Current and Voltage Sources 


For each electric network there exists an associated 
linear graph. This graph can be found by 

1. open circuiting ideal current sources, 

2. short circuiting ideal voltage sources, 

3. and replacing passive elements by edges. 

If there are branches in the network which consist of ideal 
sources only, these sources can be transformed such that 
each of the ideal current sources is parallel to a passive 
element, and each of the ideal voltage sources is in se- 
ries with a passive element. This transformation techni- 
que is taken from Reference 4. It is assumed that there 
are no loops formed by independent voltage sources. Assum- 
ing this were not the case, one of these sources had to be 
dependent by KVL, which contradicts the assumption. 

Since voltage sources do not form loops, an edge con- 
Sisting of a voltage alone can be identified as a tree 
branch (Fig. 42a). Removal of this tree branch cuts the 
tree into two separate parts. The voltage source is placed 
in series with each element corresponding to the tree bran- 
ches in one of the separate parts. The two nodes of the 
removed edge are then coalesced (Fig. 42b). This transfor- 
mation does not change the network equations. This is 


verified by writing KVL for the loops containing the tree 
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branches into which the voltage sources have been inserted, 
or KCL for the two nodes which have been coalesced. 

Since current sources do not form cut sets, and edge 
consisting of a current source alone can be identified as a 
link (Fig. 43a). The current source is placed in parallel 
with each element corresponding to those tree branches which 
forma Joop- with that Minke( Pig. 435). This transformation 
does not change the network equations. This is verified by 
writing KCL for the two nodes of that link, or KVL for the 
voltage between the two nodes of that link. 

Thus each branch of an electric network can be repre- 
sented in its most general form as in Fig. 44, where the 


sources (Vv. and ae) may be absent, the passive element R, 


k 


is always present. 


ie 


© 
@ - Cec + @ 
branch] 


® 
(a) 





Figure 42 
Voltage source transformation 





Figure 43 
Current source transformation 





Figure 44 


Typical branch of an electric network 
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APPENDIX III 


Computer Program 


POGRAM REALIZES A FUNDAMENTAL LOOP SET MATRIX. 
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presented utilizing the concepts of trunk branches, main branches, 
limbs, and unique connections which are introduced. This procedure is 
direct, easy to apply and learn, general, and yields an expression for 
the number of physically different or alternate realizations which are 
possible. A general computer program for realization of the graphs is 
presented and illustrated with some examples. 
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